Abstract. We present an example of a homogeneous, left-invariant differential operator on the Heisenberg group H^ which admits fundamental solutions but no tempered ones. This answers a question raised by Corwin in the negative.
Heisenberg group Hi which answers this question in the negative, even for homogeneous operators.
Namely, if Xi, X2, X3, Yi, Y2, F3, U denotes the standard basis of the Lie algebra h3 of H3 (with nontrivial brackets [Xj, Yj] = U, j = 1,2,3), we set
( 1 ) L = (X2 + Y¡) -X(X¡ + Yf) + Y¡, Xe R\{0}.
Adopting the notation used throughout [MR1, MR2, M2] , we have L = A5, where S e sp(3, R) is given by the matrix
\o -x 0 0/ with respect to the basis X\, X2, Y\, Y2, X3, Y}. Since S is not semisimple, L is locally solvable for every X G R by [MR2, Theorem (i. 3)].
Now assume there is some F G 3*"(Ht) such that LF = ô . If (z, u), with z g R6, u G M, denote the usual coordinates of #3, we define as in [MR1] &u(z,p) := f(z) := j f(z, ü)e~2^udu, peR, Remark 3. In [Ml] we showed that a homogeneous operator L e il(n) is not locally solvable if there is a sequence {y/j}j c 3*(N) such that y/j(0) = 1 for every j and (6) lim ||^||w||Lr^||w-0
;->oo for every Schwartz-norm || • ||(v) ■ This condition relaxes the necessary condition for local solvability in [CR] and was crucial in [MR2] but may look somewhat unnatural. One is tempted to ask if (6) could be replaced by (7) lim||L7'^||w = 0.
y-oo However, Proposition 2 implies that this is not possible, for, if we could replace (6) by (7), then local solvability of L would imply an estimate of the form |^(0)| <\\LTy,\\(N), VG^(A), for some Schwartz-norm || • ||(iV). And, by the Hahn-Banach theorem, this would mean that L had a tempered fundamental solution.
